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NON-COINCIDENCE OF QUENCHED AND ANNEALED 
CONNECTIVE CONSTANTS ON THE SUPERCRITICAL PLANAR 

PERCOLATION CLUSTER 

HUBERT LACOIN 

Abstract. In this paper, we study the abundance of self-avoiding paths of a given 
length on a supercritical percolation cluster on Z''. More precisely, we count Zn the 



number of self-avoiding paths of length A'^ on the infinite cluster, starting from the ori- 
gin (that we condition to be in the cluster). We are interested in estimating the upper 

CN[ I growth rate of Zn, limsupjY_>^ Zj^ , that we call it connective constant of the dilute 

lattice. After proving that this connective constant is a.s. non-random, we focus on the 
two-dimensional case and show that for every percolation parameter p G (1/2, 1), almost 
, surely, Zn grows exponentially slower than its expected value. In other word we prove 

r^ . that limsupjY^^(^jv)^'^ < limjv-Kx> IE[^jv]^ where expectation is taken with respect 

ri ' to the percolation process. This result can be considered as a first mathematical attempt 

to understand the influence of disorder for self-avoiding walk on a (quenched) dilute lat- 
tice. Our method, which combines change of measure and coarse graining arguments, 
does not rely on specifics of percolation on Z^ , so that our result can be extended to a 
large family of two dimensional models including general self-avoiding walk in random 

fvj ' environment. 

^ I 2000 Mathematics Subject Classification: 82D60, 60K37, 82BU. 

Keywords: Percolation, Self-avoiding walk, Random, media. Polymers, Disorder rele- 

l/^ ' vance. 

O' 

en 

o 

(N 



1. MODEL AND RESULT 



1.1. Introduction. We are interested in percolation on the Z'^ grid {d ^ 2) with its usual 
lattice structure, E'^ denotes the set of edges (they link nearest neighbors). We delete each 

k>( ■ edge with probability 1 — p {p > 1/2) and investigate the connectivity properties of the 

^ , resulting network (or rather of its unique infinite connected component). More precisely 

we want to study the asymptotic growth of the number of self-avoiding paths of length N 
starting from a given (typical) point on the dilute lattice. A self-avoiding path is a lattice 
path that does not visit twice the same vertex. 

Comparing the number of self-avoiding path with its expected value gives some heuris- 
tic information concerning the influence of a quenched edge dilution on the trajectorial 
behavior of the self-avoiding walk. 

1.2. The self-avoiding walk. Let us first recall some fact about self-avoiding walk on a 
regular lattice (we focus on Z for the sake of simplicity). Set 

Sn '■= { self-avoiding paths {Sn)ne[o,N] '^^ ^ of length N starting } (1-1) 

and sjy := |5Ar|. As sn is a submultplicative function, the limit 

lim (sn)'/'' := fid (1.2) 

n— >oo 

exists. 
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The constant ^^ is called the connective constant of the network. It is not expected to 
take any remarkable value as far as Z is concerned (on the two dimensional honeycomb 
lattice on the contrary it has been conjectured for a long time and has been recently proved 
that n = V2 + \/2, see [111). 

The self-avoiding walk of length A^ is a stochastic process whose law is given by the 
uniform probability measure on Sj\f. It has been introduced as a model for polymer by 
Flory [12]. Theorical physicists have then been interested in describing typical behavior 
of the walk for large A^, in understanding whether it differs from the one of the simple 
random walk and why. Their anwer to this concern depends on the dimension and is the 
following: 

(i) When d > 4, the self-avoiding constraint is a local one. Indeed, around a typical 
point of a simple random walks trajectory, the past and the future intersect finitely 
many times, at a finite distance. For this reason, the self-avoiding walk in dimen- 
sion larger than 4 scales like Brownian Motion. The case d = 4 which corresponds 
to the critical dimension, should be a bit similar, but with logarithmic corrections. 

(ii) When d < 4, the self-avoiding constraint acts also on large scale, and modifies the 
macroscopic structure of the walk. In particular it forces the walk to go further 
and the end to end distance \Sn\ is believed to scale like N'^ where v = 3/4 for 
d = 2 and v ~ 0.59 for d = 3. 

On the mathematical side, the picture is much less complete. Above the critical di- 
mension, when d > 4, the use of the lace expension by Brydges and Spencer [3] allowed 
to make rigourous the physicists prediction, but when d < 4, very few things are known 
rigorously (for a complete introduction to the subject and a list of the conjecture see the 
first chapter of [23], or [25] for a more recent survey). Note that recently Duminil-Copin 
and Hammond proved that the self-avoiding walk is non-ballistic in every dimension |10j . 



1.3. Percolation on Z"'. Let uo be the edge dilution (or percolation) process defined on 
the set of the edges of Z*^ as follows 

• {uj{e))e£Ea ^^ ^ field of IID {0, 1} Bernoulli variable with law denoted by Pp satisfies 
Fpicoie) = l)=p. 

• Every edge e such that a;(e) = 1 is declared open or present whereas the others 
are deleted (or closed). 

A set of edges is declared open if all the edges in it are open and a self-avoiding path S is 
declared open if all the edges in the path are (we will constantly use the informal notation 
e£S). 

The nature of the new lattice obtained after deleting edges crucially depends on the value 
of p. There exists a constant pdd) called percolation threshold such that the dilute lattice 
contains a unique infinite connected component if p € {pc, 1] (in addition to countably 
many finite connected component), and none if p < pc- It is also known that Pc{2) = 1/2 
(see e.g. [1^ for a complete introduction to percolation). 

1.4. Quenched connective constant for the percolation cluster. In what follows we 
consider exclusively the supercritical regime p > pc- We call C the supercritical percolation 
cluster (the unique infinite connected component). 

Set Zjsi to be the number of open self-avoiding paths of length A^ starting from the 
origin: 
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Zn ■= 2_^ l{Sisopen}- (1-3) 

S&Sn 
Similarly one can define Zn{x) considering paths that starts from x instead of paths 
starting from the origin. One has trivially 

Zn{x) = eventually for all iV <^ x ^ C. (1.4) 

Our aim is to study the asymptotic behavior of Z]\f(x) when x belongs to C. One can 
easily compute its expectation: for x in Z 

Ep [ZNix)] = Ep[Zn] = J^ Pp [5 is open] = p^SN, (1.5) 

S€Sn 
and this gives an upper bound on the possible growth rate of Z]\f{x) (we cannot compute 
exactly the expectation conditioning to x G C, but the reader can check that it has the 
same order of magnitude) . 

Now we define an equivalent of the connective constant /x^ for the infinite percolation 
cluster C. The following result is valid in any dimension. 

Proposition 1.1. For every x G C, the limit 

limsup(ZAr(x))^, (1-6) 

Af-i-oo 

does not depend on x and is non-random. We call this limit the quenched connective 
constant of the dilute lattice and denote it by fidip)- It satisfies the inequality 

/^d(p) ^P/^d(l)- (1-7) 

We call 

EpIZn]^ =pfidil). (1.8) 

the annealed connective constant. 

Moreover the ratio between quenched and annealed connective constant 

l^d{p)/piJ^d{l) 
is a non-increasing function of p on (pc, 1]. 

Remark 1.2. We believe that 

hm {Zn{x))^, (1.9) 

Af— >oo 

exists but the best we can do here is to state this as a conjecture. 

We are interested in knowing whether or not the inequality (|1.7p is sharp. The reason 
for this is that at a heuristic level, the ration Zi^/M[Z]\f] conveys some information on 
the trajectorial behavior of the self-avoiding walk on the dilute lattice. The self-avoiding 
walk of length A^ on the dilute lattice is the stochastic process whose law is given by the 
uniform probability measure on the random set 

57v(w) := {S £ Sjy I -S* is open for uj }. (1-10) 

Note that this definition makes sense for all A^ only if € C. 

In analogy with what happens for directed polymer in a random environment we believe 
that: 
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(i) If Zjq IW\Zfq\ is typically of order 1 then, the self-avoiding walk on the dilute lattice 

has a behavior similar to the one on the full lattice, 
(ii) If Zfq l^\Zfq\ decays exponentially fast, then disorder changes the behavior of the 
trajectories, it induces localization of trajectories (they concentrate in regions 
where w is more favorable), and possibly stretches the trajectory, making end-to- 
end distance \S]si\ larger. 
Using some of the techniques that have been used for directed polymer could bring these 
statements at least on a more rigorous ground (see [8] for an analogy with case {%) and [5] 
for an analogy with {ii) for the part concerning localization). Of course, saying something 
rigorous about the end-to-end distance for the disordered model is quite hopeless as it is 
already a difficult open question for the homogeneous model. 

1.5. Main result. The main result of this paper is that this result is that the quenched 
connective constant is strictly smaller than the annealed one for the model on Z^, indicat- 
ing localization of the trajectories. 

Theorem 1.3. For every p € {pc{2), 1) 

meaning that Z]\f/Kp [Zjv] tends to zero exponentially fast for any p < 1. Moreover the 
function 

, Mp) 

P l-7> 



W2(l) 

is (strictly) increasing on (1/2,1]. 

Although the proof allows to extract an explicit upper-bound for fi2ip) — P^2(l); which 

gets exponentially small when p is close to one, we believe it to be very far from optimal 

when edge dilution is small. Indeed if \Sj\f\ scales like A^'', with u < 1, the argument of 

the proof in [211 Section 3] give at a heuristic level that p/i2(l) — M2(p) is at least of order 

1 
(1 — p)2{i->') (which is to be compared with the bound in (13.16P ). 

1.6. Comparison with prediction in the physics literature. Although physics lit- 
erature concerning Self-avoiding walk on directed lattice is quite rich (for the first paper 
on the subject see [6j, it is difficult to extract solid conjecture on the value of fJ-dip) from 
the variety of contributions. 

The first reason is that in most of the studies, the focus is on trajectorial behavior, and 
only a marginal attention is given to the partition function Z]\f (to that respect, |1J is a 
noticeable exception with explicit focus on fJ-d{p))- 

The second reason, is that while it is often not very clearly stated, it seems that most 
of the paper from the eighties are focused annealed model of self-avoiding walk on a 
percolation cluster, which seems mathematically trivial (see for instance the sequence of 
equation to compute the mean square of the end-to-end distance in [TTj ) . In fact the last 
paragraph of the Introduction in [9j explicitly states that some of the earlier studies are 
about the annealed model. 

Because of this last remark, we do not feel that our result contradicts the many papers 
(see e.g. [201 El EH]) which predict that edge-dilution does not change the walks behav- 
ior. The few numerical studies available concerning the connective constant are not very 
informative either: both [71 Table 1] and the graph [U Figure 3] gives value for //2(p) that 
violates the annealed bound {fJ.d{p) ^ PMd(l))- 
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In [2], the authors clearly state that they study the quenched problem, and make a 
number of prediction, partially based on a renormalization group study performed on 
hierarchical lattices: 

• When d = 2,3, there is no phase transition, and an arbitrary small dilution changes 
the properties of the self-avoiding walk. 

• When d > 4, a small edge-dilution does not change the trajectorial property, and 
there is a phase transition from a weak disorder phase to a strong disorder one 
when p varies. 

Further more they give an explicit formula linking the typical fluctuations of log Z^r around 
its mean with the end-to-end exponent i/ in the strong disorder phase. 

To our understanding, our result partially confirms the prediction of [9] in dimension 2. 
For the rest of those predictions concerning higher dimension, we would translate them in 
terms of quenched connective constant as follows: 

• l^d{p) < PA*d(l) for all p < 1 for d = 3. 

(2) (2) 

• When d > 4, there exists pc (d) G {pc{d), 1) such that fid{p) < PfJ^d{l) for p < pc 

(2) 

and fid{p) = PPd{l) for p> py. 

This is quite similar to what happens for directed percolation (see ^2]) for which for 
d ^ 2 the number of open directed path is much smaller than its expected value for every 
p while when d ^ 3 a weak disorder phase exists. 

Predicting anything about the critical dimension d = 4 is trickier, and all of this re- 
mains at a very speculative level. Whereas for directed percolation, the existence of a 
weak disorder phase can be proved with a two-line computation by computing the second 
moment of Zjv, it is a much more challenging question here. 

Note that the relevant critical dimension for the problem we are interested in should 
be the one of the random-walk: d = A for the self-avoiding walk, and d = 2 and simple 
random walk in the oriented model, and not the one of the percolation process. 

2. Existence of the quenched connective constant and monotonicity 

properties 

2.1. Proof of Proposition II. IL We prove in this Section that fj,d{p) is well defined. 
Some intermediate lemmata are proved for general infinite connected graphs. 

Lemma 2.1. For an infinite connected graph C with bounded degree and x G C (in the set 

of vertices), we define 

Zjs[{x) := |{ self-avoiding path of length N and starting from x on C }|. 

Then the quantity 

limsup(Zjv(x))i/^ (2.1) 

is a constant function of x, we call it fJ,{C). 

Proof. As C is by definition connected, is sufficient to show that lim.supj>^^^{ZN{x))^''^ 
takes the same value for every pair of neighbors. Let x and x' be connected by an edge of 
C. Let Zn{x) be the number of self-avoiding paths of length A^ starting from x and never 
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visiting x' . Let yAr(x, x') be the number of self-avoiding path of length A'^ starting from x 
and ending at x' . One has trivially (noting that Y^[x^x'^ = YAr(x',x)) 

Y]^[x,x') ^ ZAr(x'), 

Zt^{x) ^ ZAr+i(x'). 

The second inequality is simply saying that Zfq{x) also counts the number of paths of 
length A^ + 1 starting from x' whose first step is x. 

Then decomposing Zfq{x) along the possible options for the step k where it goes through 
x' one gets 

N N 

ZNix) ^ Y.Yk{x,x')ZN-k{x') + Zn{x) ^ ^Zfc(x')^iv-fc(x') + ^7V+i(x'). (2.3) 

k=l k=l 

which is enough to conclude that 

limsupZ^(x)^/^ ^ limsupZ^(x')^/^, (2.4) 

and thus by symmetry, that these two are equal. D 

What remains to be done is proving that when C is a supercritical percolation cluster, 
/i(C) is a.s. non-random. A first step is to show that ^j-{C) is non-sensitive to individual 
edge-addition (and thus to edge removal). 

Lemma 2.2. Let C be an infinite connected graph with bounded degree and x,x' £C that 
are not linked by an edge. Then define 

(i) C to be the graph constructed from C by adding a new vertex called y and and an 

edge {x,y) linking x to y. 
(ii) C" to be the graph with same set of vertices as C, and an added edge: (x,x'). 
We have 

M(C) = M(C') = KC"). (2.5) 

Proof. We call Z'j^ and Z'^ the number of self-avoiding path of length N on C resp. C" . 
Note that for N ^ 2, Zn{x) = Z'j^{x) and thus fi{C) = ^(C). 

Now consider the case of C" . Decomposing over paths that use the edge (x,x') and 
those who don't, one gets, 

Zn{x) ^ Z'^{x) ^ Zn-i{x') + Zn{x). (2.6) 

Taking the above inequality to the power -^ and passing to the lim sup one gets that 

limsup(Z;^(x))i/^ = ^(C), (2.7) 

which ends the proof. D 

We are now ready to conclude the proof of Proposition 11.11 In what follows C denotes 
again the infinite connected component of the percolation process. By uniqueness of the 
infinite cluster, modifying the environment on any finite set of edge only add or delete 
finitely many edges to C, so that the new cluster can be obtained from the old one by 
performing operation (i) or (ii) of Lemma 12.21 or their converse a finite number of time. 
Hence by Lemma 12.21 ^(^(w)) is measurable with respect to the tail-sigma algebra of the 
field {uJe)e£EdJ which is known to be trivial. Hence it is non-random. 

D 
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2.2. Proof of monotonocity of {fia{p)/pfid{^)). To prove the monotonicity of the ration 
between quenched and annealed connectivity constant, we use a coupUng argument that is 
quite standard. We couple the two measures Pp and F' ior pc < p < p' < I by associating 
to edges e IID variables X{e) (call E the law of the field X) that are uniformly distributed 
in [0, 1]. Then one sets 

ujp{e) = l{x(e) ^p}, ^p'{e) = l{x(e) ^p'}- (2-8) 

With this construction, the infinite open clusters of cOp and uj'p satisfy Cp C Cp'. Moreover, 
if one sets 

Tp, = a{ujp,{e),eGZ'^), (2.9) 

one has 

E [Z^iiVp] I Jp.] = J^ P [I5 is open for <., I J'p'] ■ (2-10) 

5g5jv 
The reader can then check that 

^ l^S is open for ujp K p'J — ^S is open for uipi \P/P ) • \^-^^) 

Summing over S E Sn gives 

E [ZNioOp) I Tp>] ^ {p/pYZn{oj'p). (2.12) 

Using the Borel-Cantelli Lemma, one gets that for all N large enough 

Zn{uJp) ^ N\p/pYZn{u'p), (2.13) 

which implies 

Mrf(p) ^ fJ-djP') ^2 14) 

p p' 

D 
3. Proof of the main result: Theorem 11.31 

In this section we focus on the proof of the non-equality between quenched and an- 
nealed connective constant, or equation p. lip . For the proof of the strict monotonicity of 
IJ-dip)/pfJ'd we refer to Section ([!]). 

3.1. About the proof. The main ingredients of the proof are fractional moment, coarse- 
graining and change of measure. The combination of these ingredients have have been used 
several time in a recent past in the study of disordered system in the aim of comparing 
quenched and annealed system. The method was first introduced in [13] for the study of 
disordered pinning on a hierarchical lattice. It was then improved in [23] (introduction 
of an efficient coarse-graining on a non-hierarchical setup) and in [141 fT5] (improvement 
of the change of measure argument by introducing a multibody interaction). It has also 
been successfully adapted to a variety of model and we can cite of few contributions 
on random- walk pinning model [2!, "3], directed-polymer in a random environment (21j . 
stretched polymers ^27j , random- walk in a random environment |26j . . . (for technical details 
[211 Section 4] is probably the more related to what we are doing here). 

The major difference between the all the above studied model and the one we are 
studying here is the amount of knowledge that one has on the annealed or pure model. 
For all the above cited model, the annealed version are either directed simple random 
walk or a mildly modified version of it (e.g. in [261 EZ]) and the proof uses the acute 
knowledge that one has about simple random walk (e.g. the central limit theorem) to 
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draw conclusions. In [TU [T51 [2T1 [2B1 [27], in the (1 + 2) or 3 dimensional case, the need of 
a more refined change of measure is due to the fact that we are at the critical dimension, 
where extra-precision is needed. 

On the contrary, here, even though we are not at the critical dimension (recall that 
we believe that the result also holds in dimension 3), similar refinements have to be used 
for a different reason. The problem is rendered more difficult by the fact that almost 
nothing has been rigorously proved for the planar self-avoiding walk in spite of numerous 
conjecture (e.g. we don't have a good control on E [Z^v] beyond the exponential scale, and 
we almost have no rigorous knowledge about the trajectory properties). For this reason, 
we need a method that covers all the worst-case scenarii. As a consequence we believe 
that the quantitative estimate that we derive from our method are almost irrelevant. The 
method does not rely on peculiar features of percolation or on the lattice and thus is quite 
easy to export to other 2-dimensional model (see Section [4]). 

The main novelties in the proof are: 

• A new type of coarse-graining, that allows to treat the many possibilities of back- 
track for the walk (in |261 [27] even if the walk are allowed to backtrack the situation 
is different because they don't do it on large scale). 

• A new type of change of measure, inspired from the one used in [21j, but modified 
to adapt our new setup, and a new method to estimate the gain given with this 
change of measure. 

The rest of the proof is organized as follows: In Section [321 we explain what we mean by 
fractional moment, and introduce our coarse-grained decomposition. It associates a coarse- 
grained lattice animal to each trajectory. This reduces the proof of (jl.lip to Proposition 
13.11 that controls the contribution of each animal. In Section 13.31 we give the main idea of 
the proof of Proposition 13. 1[ which is proved in Section 13.41 and 13.51 for small resp. large 
values of m. 

3.2. Fractional moment method and Animal decomposition. Fractional moment is 
a technique extensively used by physicists that consists in estimating non-integer moment 
of a partition function in order to get non-trivial information about it. From now one we 
skip dependence in p in the notation when it does not affect understanding. 

In our case, the fractional moment method consists in saying that to prove our result 
p. lip , it is sufficient to prove that there exists 9 G (0, 1) and 5 < 1 such that, for A'' large 
enough 

E [{Zn)'] ^ b'^'E [Zr,]' = [sNibpf]'. (3.1) 

Indeed by Borel-Cantelli Lemma (combined with Markov inequality), (13. ip implies that 
a.s. for all A^ large enough 

Zn ^ N^/\bpfsN, (3.2) 

so that passing to the lim sup one gets 

^2(p) ^ bpfi2il). (3.3) 

We consider the following coarse-graining procedure that to each path associate a lattice- 
animal on a rescaled lattice. Set 
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Nq := exp 



Co 



(3.4) 



,(l-p)^ 

where C2 is a constant (independent of p, its value will be fixed at the end of the proof), 
and let us partition the set of edges E^ into squares of side length Nq. More precisely, let 
r(e) denote the smaller end (for the lexicographical order on Z^) of an edge e G Ed , and 
for X Gl? one defines 

4 := {e£Ed\ r{e) G (x + [0, iVo)^)}. (3.5) 

Now, one associate to a path S the set of squares Ix that it visits as follows Set 

A{S) := {x G Z^ I 3n G [0, iV - 1], (5„, Sn+i) G 4}. (3.6) 

Note that A{S) is a connected subset of 1? that contains the origin (sometimes called 
a site-animal) and that 

[iV/iV^l ^|^(5)K9riV/iVol. (3.7) 

The upper-bound comes from the fact that in Nq steps, one cannot visit more than 9 
different I^'s (the one from which one starts and all the neighbors), whereas the lower- 
bound simply uses the fact that there are only A^q sites to visit in each square. From now 
on, one drops the integer parts from the notation for simplicity. Set 2lm to be the set of 
connected subset of 1? of size m containing the origin and am '■= |2lm|. For each animal 
A one sets 

Sn{A) := {SgSnI A{S) = A}. (3.8) 

Then one decompose the partition function according to the contribution of each animal, 
9aN/No)+l) 9{{N/No)+l) 

^^= E E E li^ is op«"} =^ E E ^^(-^)- (3-9) 

m=N/N-^ A€^m S€SNiA) m=N/N§ Ae^m 

We use the following trick: for any 9 < 1 and any sequence of positive number {an)neN 
one has 

(Y^anf^ Y^al (3.10) 

nGN nSN 

Thus applying this to p.9p and averaging one gets: 



E 



z- 



N 



9((Af/Afo)+l) 

^ E E ^ [zN{Af] . (3.11) 

m=N/N§ .AG2U 

There are at most exponentially many animals of size m. Here, we use the crude 
estimate a^n ^ 49™ (see e.g. [161 (2-4) pp 81], the definition of lattice animal given there 
differs but the bound still applies). Hence 



E 



Z' 



N 



^ N max 49 

me[N/Nl9i{N/No)+l)] 



" maxE 
.4G2lm 



ZNiAf 



(3.12) 



Thus, in order to prove (j3.ip it is sufficient to prove that e.g. E [Z^(^)^] ^ 100 "^{psr, 
for every m and A. This is the key part of the proof. 



Proposition 3.1. For 9 = 1/2, for every A G 2tm 



E 



Zn{AT 



< 



P 



^N 



100" 



(3.13) 



if the constant C2 is chosen large enough. 
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The above proposition combined with equation (|3.12|) impHes that 



E 



7" 



^iVp^^s^2-^/^o, (3.14) 



which impHes (j3.ip for 6 = 4 ^l^o and A^ large enough. Thus from (J3.ip - (j3.3p we get 

^l2{p) = limsup(Z^)i/^ ^ 4-i/^op^2(l) < P/U2(l). (3.15) 

Hence there exists a constant c such that for all p 

c . (20: 



P/X2(l) - ^l2{p) <i:^> CeXp ( -y:; -^ ) . (3.16) 



3.3. Change of measure strategies. Let us explain our strategy behing the proof of 
Proposition 13.11 It is based on a change a measure argument. The fundamental idea 
is that if E[\/Z7v(^)] is much smaller than y^K[Zj\f{A)], it must be because there is a 
small set of oj (of small P probability), that gives a the main contribution to E[ZAr(^)]. 
We want to introduce a random variable f^i^) which takes low value for these untypical 
environment and use the Cauchy-Schwartz inequality as follows. 

Lemma 3.2. For any A and any positive random variable /^^ one has 



E 



i/2^Tffr/r A-ini/2 



Z^(^)V2 ^E[f^ZMiA)]'^'{E[{fA)-']r. (3.17) 



Proof. It is just Cauchy-Schwartz inequality applied to the product (•Z^Ar(^)/^)^'^ ^ /^^ ■ 

D 

Note that if fj_ has finite expectation, it can be thought as a probability density after 
renormalization so that this operation can indeed be interpreted as a change of measure. 
The main problem then is too find an efficient change of measure for which the cost of the 
change E [(/^)~^] is much less than the benefit one gets on E [fj^ZN{A)]. 

In order to get an exponential decay in m for E [ZAr(^)-^/^] /E[ZAr(^)] ' , the good 
choice is to chose f_A as a product of functions of the environment of each block {u}e)e£ix, 
over all X G ^. 

A possibility is to diminish the intensity of open edges in Ux^a^x, simply by choosing 

for some A < 1. This turns out to be a good choice when the animal A considered is 
relatively small, but it does not give a good result when m = |^| is of order N/Nq, even 
after optimizing the value of A. A more efficient strategy in that case is to induce negative 
correlation that decay with the distance between opening of different edges instead of 
reducing the intensity of edge opening. 

This idea was first used in 114], There and in all related works, the induced negative 
correlation where chosen to be proportional to the Green function of the underlying process 
(either a renewal process in |14| or a directed random- walk in j21l [26} 127]). Here the 
situation is a bit different as one does not have any information on the underlying process, 
and therefore the choice of correlation (i.e. of the coefficients in the quadratic form Q in 
equation (I3.29P ) is done via an optimization procedure so that it lowers significantly the 
probability of ¥[S is open ] for every possible path (and not only the more probable ones). 
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We adopt the first strategy when m ^ N/[No{logNoy/^] and the second one when 

m>[iVo(logA^o)'/1- 

3.4. Proof of Proposition 13.11 for small values of m. In this section we assume that 

m^N/[No{logNoy/% (3.19) 

We choose to modify the environment in 

I A ■■= U ^- 

xeA 

by augmenting the intensity of the edge dilution. We choose the probability of an edge 
being open under the new measure to be equal to 

p :-- 



l-p(l-A) 

where A < 1 is chosen such that 

(l-A)7r^iVo = l. (3.20) 

As there are 2Nq edges in each block Ix, the density function corresponding to this change 
of measure is given by 



\#{ open edges in 7^} 

[1-P{l-X)? 



f^ '■= — rr^i;;^- (3-21) 



Then we can estimate the cost of the change of measure 



E[/^']=[(l + f(l-A))(l-p(l-A))' 



2mN§ 



= (l + j{l-p)il - A)2)'™'^° ^ exp ('^m) ^ 10"^, (3.22) 

where for the first inequality, we used and log(l + x) ^ x and the identity (j3.20p . and for 
the second one, the fact that A is close to one (if C2 is chosen large enough). 

The probability for a path of length N whose edges are all in /_4 to be open under the 
modified measure is equal to [Xp/{1 — p(l — A)]^ so that 



V / A 



EifAZ^iA)] = \Sn{AW [ ^_p^^ _ ;^) ) • (3.23) 

Then we remark that |57v(^)| ^ sm trivially and that 

^ ^''-^l-^^^4^r^exp(-iV(l-A)(l-p)) 



l-p{l-X)J V l-p(l-A) 



^ exp(-miVo(logA^o)^^^l-A)(l-p) 



^ exp (-m(logiVo)V4yr3^) W eM-mC',/'). (3.24) 
Hence if C2 is large enough 

E[fAZN{A)] ^ SNP^ exp{-mCl^'^) ^ SivP^lQ-^™. (3.25) 

Combining this with (|3.22|) and Lemma 13.21 we get (j3.13p . D 
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Remark 3.3. Let us now comment on why we believe that (|3.16|) is suboptimal. The 
idea is that in fact, if the typical scaling of a self- avoiding path is A^", then (at heuristic 
level) the typical number of blocs visited m is of order N/{Nq ), and the above argument 

works for a much lower value of Nq (of order (1 — p)2(i-")), giving then a much better 
upper bound forall ^2{p)- Bringing this kind of argument on a rigorous ground would 
require very detailed knowledge of the behavior of the self-avoiding walk. 

The same heuristic argument also indicates /U3(p) < p^3(l) provided the walk scales like 
N"' with a < 2/3 (which is what has been predicted so far in the physics literature). 

3.5. Proof of Proposition 13.11 for large values of m. Even when trying to optimize 
over the value of A or when taking a much larger value for Nq the preceding method fails 
when the size of animals is of order N/Nq, and we have to apply a different method in 
this case. Throughout this section we will consider that 

m>N/[No{logNo)^/% (3.26) 

Our proof is still based on Lemma [3. 2 1 the construction of our /_4 is a bit more compli- 
cated in that case, and for notational convenience we do not normalize it. 

First, given an animal A of size m one can extract a set of vertices A of size m/9 such 
that the vertices of A have disjoint /qo neighborhood, i.e. such that 

yx,y £ A, X ^y,\x-y\oo> 3, (3.27) 

where |x|oo = max(|2;i|, |x2|). 

For instance one can construct A by picking vertices in A iteratively as follows: at each 
step we pick the smallest available vertex according to the lexicographical order in Z , 
and make all the vertices at distance 2 or less of this vertex unavailable for future picks. 
As at most 9 vertices are made unavailable at each step, we can keep this procedure going 
during m/9 steps and get A. For x £l? set 



'a; ■ — ^x 



4 U U / J . (3.28) 

\{y I \y~xU=\] I 

We define the distance d between edges to be the Euclidean distance between their mid- 
points. Given K a (large) constant, we define fx to be a function of w, that depends only 
on a;|/^: first set Qx to be the following random quadratic form 

g.(a;):=- ^ ^^ Yl ;77^('^(e) -p)(a;(e') -p), (3.29) 

(1 - p)No^/log No ^ d{e,e') 

fx{uj) := exp(-i^l^Q^(^-, ^ ^k2|). (3.30) 



and then define 
Finally, set 



fA{^) ■■= n /-H- (3.31) 



x&A 



Then in order to use Lemma [321 one needs to bound from above E [(/^) ^] 
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Lemma 3.4. If K is chosen sufficiently large, for every A G 21^ 

E[(/^)"'] ^2"^/9. (3.32) 

Proof. The function /^(f^) is a product of m/9 IID random variables {fx{uj), x £ A), (this 
is due to the fact that due to our choice for A, the blocks {Ix)xeA ^^^ disjoint). Thus 

E[{fAr']=E[{fo)-T^\ (3.33) 

It remains to prove that E [(/o)~^] ^ 2 and for this purpose, it is sufficient to estimate 
the variance of Qx{^)- First note that E[Qo('^)] = and that only the diagonal terms 
of the double sum that appears when developing Qq{uj) = contributes to the second 
moment. Note also that the maximal distance between two edges in Iq is less than 5A^o 
so that 

e,e'G/o 
eVe 

1 'sr^ %r^ 1 

" N^ lop- A/n 

e(^I^{e'^e\d{e,e') si 5 No} 

where Ci is a universal constant that is independent of p and Nq. Thus, by Chebytcheff 
inequality, if K is large enough (independently of all parameter of the problem) 






E 



K 



-,K 



ifo{uj)r = 1 + (e^ - 1)P Qo(w) ^ e^ ^ 1 + Ci(e^ - 1)6""^ ^2, (3.35) 



K i\^~2K 



provided that K has been chosen large enough. D 

We are left with estimating E [f^Zj\[{A)], which is the more delicate part. We do so by 
bounding uniformly the contribution of each path. 

Lemma 3.5. For any S € Sn{A) 

E [fAiuj)l^s ^s open }] = p""^ [/^(w) I S IS Open ] ^ p^20000-™. (3.36) 

The lemma, combined with the trivial bound |5Ar(^)| ^ sn gives, 

K[fA{uj)ZN{A)] <p^s^20000-™, (3.37) 

so that together with Lemmata 13.21 and 13. 4|, one obtains 



E 
which proves Proposition 13.11 



Zn{A)-^/^ ^p^^/^4/^100-™, (3.38) 



Proof of Lemma \3.5[ Note that even after conditioning on S being open, fA{^) is still a 
product of independent variables (though the /^(a;) are not identically distributed any 
more), so that 

E IfAioj) I S is open ] = H ^ I^^^'^) I ^ ^^ °P^^ 1 ' (^-^Q) 

x€A 

Our idea is then to show that most of the term in the product E [/x(w) | S is open ] 
are small. We do so by showing that conditioning to the eventlS" is open } makes the 
expectation of Qx large whereas its variance stays relatively small. The problem is that 
both expectation and variance of Qxi^) may grow when additional edges are conditioned 
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on being open, and things becomes difficult to control when the number of edge that S 
visits in the block I^ is much larger than Nq. This is the reason why we restrict the use 
of this method to large values of m: we show that E [/a;(w) | S is open ] is small only for 
blocks for which the number of edges visited by 5 is not too large. 

Set 

A{S) := {x G ^ I |Sn4| < 20iVo(logiVo)^^^}, (3.40) 

where here S is considered as a set of edges. As the total number of edge in S is 
A^ ^ mAo(log Aq)^ and the Ix are disjoints, one has 

U\i(5)K 7^ TT77^W20. (3.41) 

' \ ^ ^1 ^ 20iVo(logiVo)^/^ 

and hence \A{S)\ ^ m/20. 

Thus from (I3.39P and using the fact that all the terms in the product are small than 

one, to prove (j3.36p it is enough to prove that for each x S A{S) 

E [fx{u}) I S is open ] ^ 20000"20. (3.42) 

Assume in the rest of the proof that x S A{S). The definition of fx gives 

E [fx{uj) I S is open ] = e'^ + {1 - e-^')P \Qx{uj) < e^' | 5 is open 1 , (3.43) 

and thus if K is chosen large enough, it is sufficient to prove that 



21 



Qxiuj) < e^ I 5 is open ^ 20000"^^ (3.44) 



To obtain such an estimate it is sufficient to compute the two first moments of Qx{^) 
under the conditioned measure. To keep notation light, we write P5 for P [• | S is open ]. 

To show that the first moment is large, one needs to extract a long path of adjacent 
edges. Set S^^' to be a path a length Nq defined as follows: if x = then [Sn )nG[o,No] •= 
{Sn)n£[o,No] ! fo^ ^11 Other values of x, 

• one sets Tx be the first time that S hits Ix (note that Tx ^ Nq). 

• one defines {S^')n&lo,No] ■= iSn+T,-No)ne[o,No]- 
Note that S^^' has all its edges in Ix- 

Under the measure P5, the uj{e) are independents, a.s. equal to one if e G 5, and 
distributed as Bernoulli variables of parameter p otherwise. Thus 

Now for every edge e G S^^' , as the trajectory S^^' can't be more than ballistic 

1 ^""^ 1 

e'eS'(^)\{e} n=l 

Therefore 

% [Qxioj]] ^ il-p)y/logNQ. (3.47) 

Let us now bound from above the variance Varp^ (Qxi^))- Most of the terms in the 
resulting sum appear in the non-conditioned case, we have to check that the additional 
terms generated by the conditioning only give a small contribution. 
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eVe 

The first term in the r.h.s. is less than Yarp(Qx) (see equation p.34p . it is the same sum 
with some missing terms) and thus is bounded above by Ci. Using Cauchy-Schwartz 
inequality we can bound the second term from above as follows 

Yl Yl di^r^j ^'■^^■^'^1 Yl Y Me' e)2 

^\hf^S\ Yl Y -M^^C^\^-^S\''\ogN^. (3.49) 

e'e|/A5(-) I {e^e' \ d{e,e') ^ 5No} ' "^ ' ^^ 



And thus as for x € A{S), |4 n S] ^ 20iVo(logiVo) 



1/4 



1/2N 



Varp^ (Q,(a;)) ^ C7i(l + 400(1 -p)(logiVo)'/') (3.50) 

Recall that A'^o := exp(-7j3^), and set the constant C2 to be such that 

% [Qx{uj)] ^ (1 - P)0og^o = \/^ = 2e^'. (3.51) 

Then one has, by ChebytchefF inequality and (|3.50|) 

Ps (Qx(a;) ^ e^') ^ P5 (|Qa;(u;) - E5 [Qa:(a;)] | ^ e^') 

^ Varpg (Q^(w)) e-2^' ^ 401Cie"^', (3.52) 
which proves (|3.44p if K is large enough, and ends the proof. D 

4. Some other models to which the proof can adapt 

Note that our proof, though technical, did not use many specifics of the model. The key 
point in the proof is that the r.h.s. of (j3.45p diverges with Nq and this is where the crucial 
fact that the lattice is 2-dimensional is used. For this reason, our result extends readily 
to any kind of two-dimensional lattice (e.g. triangular, honeycomb, lattices with spread- 
out connections) . Moreover the proof would also work with only minor modification for 
a large variety of 2-dimensional model. Without trying to describe a meta-model that 
would include all of these, we give here some examples that could be of interest. 

4.1. Starting from a supercritical percolation cluster: proof that 

P '"^ /^2(j')/(p/^2(l)) is (strictly) increasing. Consider p < p' , both in the interval {pc, 1). 
We couple to percolation environment cOp and ojpi as we did in Section [2?2l Applying exactly 
the same proof as above but replacing Z^ by the infinite percolation cluster of Upi and s„ 
by ZN{ujpi) gives us that there exists 6 < 1 such that 

E[(Z^(^p))V2 I j-^,] = {b''{p'/p)''ZN{up,f . (4.1) 
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From this and the Borel-CanteUi Lemma we get that almost surely 

limsup(Z^(a;p)i/^ < (p'/p)^ limsup(Z^(wpO^/^- (4.2) 

This implies 

fJ'2ip) ^ At2(/) ,^ g. 

p p' 

4.2. Site Percolation. One consider the equivalent of the model studied in the core of 
this paper, but with the disorder {uj{x))^^^2 lying on the sites of Z^ rather than on the 
edges. One say that a self- avoiding path is open if all the sites visited by the path are 
open. One can check readily that using exactly the same arguments, one can prove the 
existence of the quenched connective constant (with limsup) and the fact that it differs 
from the annealed one for every p. One can furthermore adapt Section 14.11 to show that 
the ratio of the two connective constants is an increasing function of p. 

4.3. Self-avoiding walk in a Random Potential. This is a generalization of the pre- 
ceding model. Let a;(x) a collection of IID random variables of zero mean and unit variance, 
indexed by sites of Z^, P denote the joint law, which satisfies 

e^(« := E [e''"(0)j < oo 

for ah /3 G M. 

One is interested in the probability measure on Sn where each path S has a probability 
proportional to 

UUS) = exphf2^{Sn)]. (4.4) 

\ n=0 / 

Physically, (— w) corresponds to an energy attached to each site, and /3 is the inverse 
temperature. We are interested in the growth rate of the partition function of this model: 

Zn= Yl na;(5). (4.5) 

SgSn 

Theorem 4.1. For any /3 > there exist a positive constant c{l3) such that 

limsup(Ziv)^/^ < limsupE [Ztv]^/^ = E [e/'^WJ _ ^4_g) 

Let us mention a few guidelines to adapt the proof: 

• One must choose A^o '■= exp(— C2//3^). 

• In section [331 instead of augmenting dilution, one tilts the random variable in /_4, 
choosing 

fAiuj) := exp I - I j; 6oj, J - N^Xi-6)) J , (4.7) 

where the definition of /_4 and Ix has been adapted so that they are sets of points 
rather than sets of edge. The right value to choose for 5 is (5 = (I/Nq). 

• In section 13.51 one considers 

Q^{u;):= ^= y ^^^. (4.8) 

z'j^z 
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Having this at hand, the computation are essentially the same that in Section [31 



4.4. Lattice trees/Lattice animals on a dilute network. A lattice tree of size N on 



1? is a finite connected subgraph of 1? with A^ vertices and no cycles. We denote by T/v 



the number of (unlabeled) lattice trees of size A^ containing the origin in 1? and t„ = |7iv|. 
It is known (see e.g. |19) where lattice trees are studied as a model for branching polymers) 
that there exists a constant /i such that 

lim (tAr)^ =/i. (4.9) 

The method presented above also allows to give an upper-bound on the number of lattice 
trees present on an infinite percolation. We say that a lattice tree is open if all the edges 
that constitute it are open. Given (uj{e)\(zE^ a realization of the edge dilution process, 
one defines 

'Z'N '■= 2I1 l{Tisopen}) (4-10) 

and Z^{x) to be the same thing but for lattice trees that contains x. It can be shown, as 
we have done for self-avoiding path, that the upper-growth rate 

limsup(Zjv(x))^/^ (4.11) 

is constant on the infinite percolation cluster and non-random. Using exactly the same 
proof as in Section O one can further prove. 

Theorem 4.2. For any p G (1/2, 1) one has Pp a.s. for all point x £ C, 

limsup(Zjv(a;))i/^ < limsup(Ep [Zn{x)])'^/^ = pfi. (4.12) 

Proof. Maybe the only point that needs to be explained in the adaptation of the proof 
is how one chooses 5'^^ appearing in (j3.45p . For x = we choose arbitrarily a paths of 
length A^o moving away from the root (there has to be at least one if A^ ^ -^o)- -^o^ the 
other values of x we fix Sg to be a point of the tree that lies in Ix, and S^^^ to be first 
Nq steps on the paths from this point towards the root, i.e. the origin. D 

A similar result could be stated for lattice-animals on the supercritical percolation 
cluster. 
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